Polyharmonic polynomials in n variables are shown to satisfy a Pythagorean identity on the unit hypersphere. Application is made to establish the convergence of series of polyharmonic polynomials.
where ω n is the surface area of the unit sphere 1 in R n . We call (1.5) the Pythagorean identity for spherical harmonics, since it generalizes the Pythagorean theorem
Solutions of partial differential equation 
In the vector space J k n , we introduce the Calderón inner product [1] 
where 
where γ k n is a constant depending only on n and k.
Proof. A modification in the argument used for spherical harmonics suffices: fix a point y ∈ R n and consider the linear functional L :
But, by the defining property of Z y ,
Since the choice of y ∈ R n was arbitrary, Z y (x) is a function of the two variables
x, y ∈ R n ; thus, we write
The Calderón inner product (2.2) is invariant with respect to rotations; that is, if 
14)
for all x, y ∈ R n . In particular, 3. Polyharmonic polynomial series. Pythagorean identities have been used to establish the convergence of series of spherical harmonics [4] , as well as series of orthonormal homogeneous polynomials in several real variables in general [3] . We obtain here convergence for series of polyharmonic polynomials. Thus, 7) and appealing to the result of Theorem 3.1 we find that the polyharmonic polynomial series (3.1) converges absolutely and uniformly on compact subsets of the open ball |x| < ρ. We predict that the evaluation of the Pythagorean constant γ k n will show that such convergence actually obtains within a somewhat larger ball.
In [11] , it was shown that, in the space of homogeneous harmonic polynomials L k n , the Calderón inner product (2.2) is a constant multiple of the inner product (1.4) . That is,
n , where c k n is a constant depending only on n and k. Thus, the Pythagorean identity for spherical harmonics (1.5) is a special case (m = 1) of the result of Theorem 2.1.
The Pythagorean identity for spherical harmonics is also a special case of the addition formula for spherical harmonics [9, page 149] and [8, page 268] . This leads us to conjecture that the homogeneous polyharmonic polynomials satisfy a similar addition formula, from which Theorem 2.1 might follow as an immediate consequence. Such a development could include a significant generalization of the ultraspherical polynomials [6, 10] .
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